
Lecture 4: Frequency
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Today

• Reminder: PS1 due Weds.

• Section this week: pyramids and Fourier trnasform

• Suggested reading: 

• Szeliski 3.4

• Torralba, Freeman, Isola manuscript chapter
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Thinking in frequency

Repetitive structures

The visual world contains:

…that repeat quickly …or slowly



F[u] =
N−1

∑
n=0

f[n] exp (−2πi
un
N )

1D Fourier Transform
The 1D Discrete Fourier Transform (DFT) transforms an N-dimensional signal f[n] 
into F[u] as:

1D image

Fourier coefficient 
for frequency u

exp(iωx) = cos(ωx) + i sin(ωx)
Recall that:

4 Adapted from: Torralba, Freeman, Isola

A complex 
exponential



F[u] =
N−1

∑
n=0

f[n] [cos (−2π
un
N ) + i sin(−2π

un
N

)]

1D Fourier Transform

1D image

Fourier coefficient 
for frequency u

5 Adapted from: Torralba, Freeman, Isola

The 1D Discrete Fourier Transform (DFT) transforms an N-dimensional signal f[n] 
into F[u] as:

exp(iωx) = cos(ωx) + i sin(ωx)
Recall that:



Change of basis

= U fF
Image as vector

Image in new basis
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U[-1 1]

Frequency basis

= U fF

We’re using a basis of sinusoids with different frequencies.
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U[-1 1]= U fF

Fi  =

8

Dot product

Frequency basis



F[u] =
N−1

∑
n=0

f[n] exp (−2πi
un
N )

Discrete Fourier Transform (DFT) transforms a signal f[n] into F[u] as:

Discrete Fourier Transform (DFT) is a linear operator. In matrix form:

? ? ? ? ? ? ? ? … ?

F f

UF : NxN matrix

n
u

= exp (−2πi
un
N )

Source: Torralba, Freeman, Isola

1D Fourier Transform
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Visualizing the Fourier transform

F[u] =
N−1

∑
n=0

f[n] exp (−2πi
un
N )

cos (2π
un
N ) − i sin (2π

un
N )

For: 
   u=1 
   N=16
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Source: Torralba, Freeman, Isola10



Visualizing the transform coefficients

exp (−2πi
un
N ) For  N=16

F f

16x16 array

n=0

u=0

=

u=1

1 2 n=15

u=15

u=2

Real

Imag

n=0…15

…

Source: Torralba, Freeman, Isola
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Visualizing the transform coefficients

For  N=16

F f

16x16 array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

Real

Imag

…

Source: Torralba, Freeman, Isola
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exp (−2πi
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Visualizing the transform coefficients
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For  N=16

F f

16x16 array

n=0
u=0
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u=1

1 2 n=15

u=15

u=2

…

Source: Torralba, Freeman, Isola
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Visualizing the transform coefficients
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Imag
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For  N=16

F f

16x16 array

n=0
u=0
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Source: Torralba, Freeman, Isola
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Visualizing the transform coefficients

For  N=16

F f

16x16 array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

Real

Imag

…

Source: Torralba, Freeman, Isola
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Visualizing the transform coefficients

For  N=16
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F f
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Source: Torralba, Freeman, Isola
16

exp (−2πi
un
N )



Visualizing the transform coefficients

For  N=16
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F f
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=
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Source: Torralba, Freeman, Isola
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Visualizing the transform coefficients

For  N=16

Real

Imag

F f

16x16 array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…

Source: Torralba, Freeman, Isola
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F[u] =
N−1

∑
n=0

f[n] exp (−2πi
un
N )

The inverse of the Discrete Fourier transform
Discrete Fourier Transform (DFT): Its inverse:

F f

NxN array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…

F F

NxN array

n=0
u=0

=

u=1

1 2 n=15

u=15

u=2

…

f[n] =
1
N

N−1

∑
u=0

F[u] exp (2πi
un
N )

Source: Torralba, Freeman, Isola
19Source: Torralba, Freeman, Isola
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The 1D Fourier transform and images



The 1D Fourier transform and images
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The 1D Fourier transform and images
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The 1D Fourier transform and images
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The 1D Fourier transform and images
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Image row In
te

ns
ity

x

Represent this function in a Fourier basis.



The 1D Fourier transform and images
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In
te

ns
ity

x

F1 ×

F2 ×

F3 ×

F4 ×

+

+

+

=

. . .



The 1D Fourier transform and images
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U[-1 1]UF fF =

Fourier coefficients Row of image as vector



The 1D Fourier transform and images

U[-1 1]UFf
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Fourier coefficientsReconstruction

-1~
F

Zero out high 

frequencies

=
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Reconstructing the image

With coefficients from only the 3 lowest frequencies

Reconstruction of one row Reconstructed image



29
With coefficients from only the 8 lowest frequencies

Reconstruction of one row Reconstructed image

Reconstructing the image
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With coefficients from only the 13 lowest frequencies

Reconstruction of one row Reconstructed image

Reconstructing the image
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With coefficients from only the 18 lowest frequencies

Reconstruction of one row Reconstructed image

Reconstructing the image
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With coefficients from only the 23 lowest frequencies

Reconstruction of one row Reconstructed image

Reconstructing the image
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With more frequencies…

Reconstruction of one row Reconstructed image

Reconstructing the image



F[u] =
N−1

∑
n=0

f[n] exp (−2πi
un
N )

2D Discrete Fourier Transform
1D Discrete Fourier Transform (DFT) transforms a signal f [n] into F [u] as:

2D Discrete Fourier Transform (DFT) transforms an image f [n,m] into F [u,v] as:

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f[n, m] exp (−2πi ( un
N

+
vm
M ))

Source: Torralba, Freeman, Isola34



Visualizing the image Fourier transform

Using the real and imaginary components:

The values of F [u,v] are complex numbers.

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f[n, m] exp (−2πi ( un
N

+
vm
M ))

Source: Torralba, Freeman, Isola

F[u, v] = a + bi
Decompose into polar coordinates:

Magnitude |F[u, v] |

a2 + b2

35Phase

tan−1(
b
a

)



2D Fourier transform example
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Image DFT: F[u,v]



2D Fourier transform example
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DFT: |F[u,v]|Image

u

v

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f [n, m] exp (−2πi ( un
N

+
vm
M ))



2D Fourier transform example

38
DFT: |F[u,v]|

u

v

F[u, v] =
N−1

∑
n=0

M−1

∑
m=0

f [n, m] exp (−2πi ( un
N

+
vm
M ))

Image



Simple Fourier transforms
DFT (amplitude)

64x64 pixels

Image

n

m

u

v

u0

-u0
v0

-v0

Source: Torralba, Freeman, Isola39



Simple Fourier transforms

Source: Torralba, Freeman, Isola40



n

m

u

v

u

v

u

v

u

v

Visualizing the image Fourier transform
f [n, m] F[u, v]

Source: Torralba, Freeman, Isola 41
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DFT

DFT-1

Source: Torralba, Freeman, Isola



Some important Fourier transforms
Image

Magnitude DFT Phase DFT

n

m

64x64 pixels

Source: Torralba, Freeman, Isola43



Some important Fourier transforms
Image

Magnitude DFT Phase DFT

n

m

64x64 pixels

Source: Torralba, Freeman, Isola44



Some important Fourier transforms
Image

Magnitude DFT Phase DFT

n

m

64x64 pixels

Source: Torralba, Freeman, Isola45



Some important Fourier transforms
Image Magnitude DFT Phase DFT

n

m

64x64 pixels

 delta train, delta comb, impulse train 46



Some important Fourier transforms
Image Magnitude DFT Phase DFT

Translation
Shifts of an image only 
produce changes on the 
phase of the DFT.

Source: Torralba, Freeman, Isola47



Some important Fourier transforms
Image Magnitude DFT Phase DFT

Scale
Small image details 
produce content in high 
spatial frequencies

Source: Torralba, Freeman, Isola48



Some important Fourier transforms
Image Magnitude DFT Phase DFT

Orientation
A line transforms to a line 
oriented perpendicularly to 
the first.

Source: Torralba, Freeman, Isola49



Swapping phase and magnitude

Source: Torralba, Freeman, Isola50

Phase Magnitude



Natural image statistics

u2 + v2

Av
er

ag
e 

am
pl

itu
de

Most of the energy is in the low frequencies
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Reconstruct an image, low frequency to high

Image DFT
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Reconstruct an image, low frequency to high

Image DFT
53



Reconstruct an image, low frequency to high

Image DFT
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Reconstruct an image, low frequency to high

Image DFT
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Reconstruct an image, low frequency to high

Image DFT
56



Fourier Transform Game: find the right pairs

A B C

1 2 3

fx(cycles/image pixel size) fx(cycles/image pixel size) fx(cycles/image pixel size)

Images

Fourier 
magnitude

Source: Torralba, Freeman, Isola57



We’ll cover this in section this week.
Source: Torralba, Freeman, Isola

Fourier Transform Game: find the right pairs



• 2D Fourier transform is separable (just like Gaussian)


• Computable in .


• Convolution theorem: convolution is pointwise multiplication in the Fourier domain!  
 

• Useful trick for fast convolutions, especially for large filters. Sometimes used in 
convolutional neural networks

O(n log(n))

Useful properties of the Fourier transform
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F{f � g} = F{f}� F{g}



F�1
<latexit sha1_base64="d7vaA0AT4YM1wnL7oy8GAjjyHtU=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgxpKooMuiIC4r2Ae0sUymk3boZBJmJoUS8iduXCji1j9x5984abPQ1gMDh3Pu5Z45fsyZ0o7zbZVWVtfWN8qbla3tnd09e/+gpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJv77QmVikXiUU9j6oV4KFjACNZG6tt2L8R6RDBP77Kn9MzN+nbVqTkzoGXiFqQKBRp9+6s3iEgSUqEJx0p1XSfWXoqlZoTTrNJLFI0xGeMh7RoqcEiVl86SZ+jEKAMURNI8odFM/b2R4lCpaeibyTynWvRy8T+vm+jg2kuZiBNNBZkfChKOdITyGtCASUo0nxqCiWQmKyIjLDHRpqyKKcFd/PIyaZ3X3Iua83BZrd8UdZThCI7hFFy4gjrcQwOaQGACz/AKb1ZqvVjv1sd8tGQVO4fwB9bnD1gVk3U=</latexit>

Convolution theorem example

Gaussian σ = 4

Image

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

FT of Gaussian is another Gaussian

FT of image

f � g
<latexit sha1_base64="u9lgim50RMC+YNIaETIN98GFkaU=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U0DJoYxnBxEhyhL3JXrJkd+/Y3RNCyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9omiTTyBqYiES3ImqY4Io1LLeCtVLNqIwEe4iGN1P/4YlpwxN1b0cpCyXtKx5zpNZJjzHpINdI+t1yxa/6M5BlEuSkAjnq3fJXp5dgJpmyKKgx7cBPbTim2nIUbFLqZIalFIe0z9qOKiqZCcezgyfkxCk9EifalbJkpv6eGFNpzEhGrlNSOzCL3lT8z2tnNr4Kx1ylmWUK54viTBCbkOn3pMc1QytGjlDU3N1KcEA1ResyKrkQgsWXl0nzrBqcV/27i0rtOo+jCEdwDKcQwCXU4Bbq0AAECc/wCm+e9l68d+9j3lrw8plD+APv8wf/1Y/g</latexit>
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F{f � g} = F{f}� F{g}



What does Gaussian blur do in the frequency domain?

Gaussian σ = 4

Image

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

F{f � g} = F{f} · F{g}
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FT of Gaussian is another Gaussian

FT of image
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F{f � g} = F{f}� F{g}

High frequencies are gone!
Gaussian is a “low pass” filter.
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F{f � g} = F{f}� F{g}

Gaussian σ = 1

Image

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

Larger Gaussian in Fourier domain!

FT of image
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What happens when we decrease the blur?

More frequencies survive.



9x9 box filter

Image

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

F{f � g} = F{f} · F{g}
<latexit sha1_base64="wt9Y2OHkFjNR4Ivw+yg2NbwZDxM=">AAACK3icbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCOUCuKygn1AE8rkZtIOnTyYmQgl9H/c+CsudOEDt/6HkzYL23pg4HDOucy9x0s4k8qyPo3Syura+kZ5s7K1vbO7Z+4ftGWcCqAtiHksuh6RlLOIthRTnHYTQUnocdrxRje533mkQrI4elDjhLohGUQsYECUlvpmwwmJGgLh2e3EyQLsABOAB84EX+N5S0sO+LGal3Wyb1atmjUFXiZ2QaqoQLNvvjp+DGlIIwWcSNmzrUS5GRGKAaeTipNKmhAYkQHtaRqRkEo3m946wSda8XEQC/0ihafq34mMhFKOQ08n8z3lopeL/3m9VAVXbsaiJFU0gtlHQcqxinFeHPaZoKD4WBMCguldMQyJIKB0vRVdgr148jJpn9Xs85p1f1GtN4o6yugIHaNTZKNLVEd3qIlaCNATekHv6MN4Nt6ML+N7Fi0ZxcwhmoPx8wswKqhH</latexit>

63FT of box filter

FT of image
<latexit sha1_base64="xcVDrMx7BImb0SI2c8wvd6zANHw=">AAACK3icbVDLSgMxFM3UV62vUZdugkVwVWZE1I1QKojLCvYBnaFkMpk2NJMMSUYoQ//Hjb/iQhc+cOt/mGlnYVsPBA7nnEvuPUHCqNKO82mVVlbX1jfKm5Wt7Z3dPXv/oK1EKjFpYcGE7AZIEUY5aWmqGekmkqA4YKQTjG5yv/NIpKKCP+hxQvwYDTiNKEbaSH274cVIDzFi2e3EyyLoYSoxHHgTeA3nLSN5IhR6XjbJvl11as4UcJm4BamCAs2+/eqFAqcx4RozpFTPdRLtZ0hqihmZVLxUkQThERqQnqEcxUT52fTWCTwxSggjIc3jGk7VvxMZipUax4FJ5nuqRS8X//N6qY6u/IzyJNWE49lHUcqgFjAvDoZUEqzZ2BCEJTW7QjxEEmFt6q2YEtzFk5dJ+6zmXtTO78+r9UZRRxkcgWNwClxwCergDjRBC2DwBF7AO/iwnq0368v6nkVLVjFzCOZg/fwCRY6oWg==</latexit>

F{f � g} = F{f}� F{g}

Other kernels in frequency domain
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Next: machine learning


